Technica Supplement on Milgrom-Weber Auction Theory
Complementarity

Let xUy,xUy, refer to the component-wise minima (x meet y) and maxima (X join
y), respectively.

A function :R'® Rissupermodularif f (x U y )+ f(x U y)3 f(x)+ f(y).
Remark: If f istwice-differentiable, then supermodularity reducesto:
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This, inturn, isequivaent to "increasing differences” That is, for x>y,
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If f isapayoff function, the variables of f are said to be complementary.
Affiliation

If the function log f is supermodular, f is said to be log supermodular [log-som]. If fis
adengty, then the random variables with dengity f are said to be affiliated. If there are
two of them, f is said to have the monotone likelihood ratio property (MLRP).

(i) Affiliation is equivaent to the statement that E[a(X)|ai £ Xi £ b] isnondecreasingin
a;, b for dl nondecreasing functions a.

Proof: Consider _(y)=E[a(Xx,Y)|Y=y,aEXxED]. Below, expectations refer to conditioning
on Y=y, agxeb.
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If the MLRP is stisfied, thisis nonnegative. Conversdly, let a beincreasing in x and



congantiny. Then _isnondecreasing for dl y, a, and b if and only if the MLRPis
satisfied.

(i) Nondecreasing functions of affiliated r.v.'s are affiliated (see Milgrom-Weber).

Let x, y have density f(x,y), and denote the density of y given x by f\(y[x), with cdf
Fy[X).

(ii1) FY(y|¥) isnonincreasing in x (First Order Stochastic Dominance).

The characteritic function of aset, 1a, isthe function whichis1if xi Aand0
otherwise. Note Pr[ X;3 x ] = E[ Ly s ;1. Itfollowsthat Pr[X3x | Xi=x] is
nondecreasing in X;.

(iv) fislog-gpom if and only if fyislog-spm.
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(V) Independently distributed random variables are affiliated.
(vi) If f(y|x) islog-spm, F(y}x) islog-spm
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(vii) if f,g arelog-spm, fgislog-spm. Proof islogfg=logf +logg.
Auction Environment

Bidder i privately receivesasgna that isthe redization of ther.v. X; the vector
(X1,¥4 ,X%0,S) are dfiliated and the Xi's are symmetrically distributed. The payoff to



bidder i isu(X;,Xi,S). uisassumed nondecreasing in al arguments. Wefix attention
on bidder 1 and let Y = max {X2,%4 ,Xn). Yisaffiliated with X1. Let f\(Y]x) be the
dengty of Y given Xi=x, with distribution function Fy. Let v(x,y)=E[ulx:=x,Y=y]. Since
u isnondecreasing, SOiSV.



Second Price Auction

In asecond price auction, the high bidder obtains the object and pays the second
highest bid.

A symmetric equilibrium bidding function is afunction B2 such that, given al other
bidders bid according to B, the remaining bidder maximizes expected profit by bidding

B2(X) given Sgna x. Condder bidder 1 with Ssgna x who instead bids Bx(2). This
bidder earns

p=§(v(x,y)-sz(y)) f, (%) dy.

In order for Bz to be an equilibrium, p must be maximized at z=x, which implies
Ba2(X) = V(X,X).

It is straightforward to show that B> isindeed an equilibrium, and is the only symmetric
equilibrium.

If areserve price (minimum acceptable bid) r isimposed, bidders with sgnas below x;,
where E[v(x,Y)|YEX]=r, do not submit bids, otherwise the equilibrium is unperturbed.
Note however, that the minimum submitted bid, B2(x,) > r!
Supposethe seller knows S. Should the seller tell the bidders S? Let
W(Xy,9) = E[u | X:=x, Y=y, S=9].
v(yy) = E[W( X1,Y,S) | Xa=Y=1Y]
= Ew(Y,Y,S) | Xa=Y=1Y]
£ EIW(Y,Y,S) | X1® Y=Y].
The sHler's revenue with no disclosure, Ry, is
Rv=E[V(Y)Y) | X:3 Y]
£ E[EMW(Y.Y,S) | X:3 Y] | x>V]

= E[W(Y,Y,S) | X:>Y] =R ,therevenue with disclosure of S.



First Price Auction
Inafirst price auction, the high bidder obtains the object and pays her bid.

Suppose B: isasymmetric equilibrium. The profitsto bidder 1, with sgna x, who bids
Bi(2), are:

p= g)(V(X,y)- B(2) f,(y|x) dy.
Maximizing with repect to z, and setting z=x, yields the first order differentid equation
fy(x1X
Bi(X)= Fo (x| X )( (%) - B1(X))-

Suppose that the reserve price is zero. Then the differentia equation has solution
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If the reserve pricer > 0, the screening level isx and By satisfies Ba(x,)=r.

Integrating Ba(X) by parts, we have:
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B1(X)= V(X,X)- oeoEY(z|z S yV(y Y)udy

Conditiona on winning with asignd of x (probability Fv(x|X)), a bidder in a second
price auction pays
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Notethat log Fy(x | X)-10g Fv( Y| X)= 6@ dzs 62 ¢ (by(vi))
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Since v is nondecreasing, the expected payment by awinning bidder with signd x is
higher in a second price auction than in afirst price auction.



